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A Proof of Factorization Theorem of Drell-Yan Process at Operator Level
Gao-Liang Zhou1
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An alternative proof of factorization theorem for Drell-Yan process that works at operator level
is given in this paper. Interactions after the collision for such inclusive processes are proved to be
canceled at operator level according to the unitarity of time evolution operator. After this cancel-
lation, there are no longer leading pinch singular surface in Glauber region in the time evolution of
electromagnetic currants. Decoupling of soft gluons from collinear jets is realized by defining new
collinear fields that decouple from soft gluons. Cancelation of soft gluons is attribute to unitarity
of time evolution operator and light-like Wilson lines of soft gluons.
PACS numbers: 12.38.-t, 12.39.St
I. INTRODUCTION
Factorization theorem of Drell-Yan process used to
be a challenging question for a long time in past sev-
eral decades [1–7]. Being different from the cases in
deep inelastic scattering process and annihilation pro-
cess of e+e−, Glauber gluons can cause particular diffi-
culty in the proof of factorization theorem of Drell-Yan
process.[1, 4–7]. It was proved that leading pinch singu-
lar surfaces(LPSS) caused by Glauber gluons will cancel
out in covariant gauge after one sums over all possible
cuts according to unitarity [5–7]. Therefore, unitarity
plays crucial role in the proof of factorization theorem of
Drell-Yan process. The proofs appeared in [5–7] work in
diagram level and turn out to be complicated.
The hadronic tensor of Drell-Yan process reads:
Hµν =
∫
d4xe−iq·x
〈
p1p2|Jµ(x)Jν(0)|p1p2
〉
(1)
where Jµ(x) is the electromagnetic currant. It is con-
nected with the differential cross section of Drell-Yan
process by the formula:
dσ
dq2dy
=
4πα2Q2q
3s
∫
d2~q⊥
(2π)4
Hµν
1
q2
(
qµqν
q2
− gµν) (2)
where y = 12 ln q
+/q−.
Momenta of initial hadrons become light-like in the
high energy limit Q → ∞, where Q = (q2)1/2. hety
are denoted as pµ1/Q = (p
+
1 , p
−
1 , ~p1⊥)/Q → (1, 0,~0) and
pµ2/Q→ (0, 1,~0) in such limit where p1 and p2 represent
momenta of initial hadrons. The degree of freedom which
contribute to leading pinch singularities, are:
(1)collinear particles, that is, particles with momenta
scale as p2/Q2 → 0 and ln |p0+|~p|p0−|~p| | → ∞;
(2)hard particles, that is, particles with momenta scale
as p2/Q2 → a 6= 0;
(3)soft particles, that is, particles with momenta scale
as pµ/Q→ 0.
Diagrams that contain leading pinch singularities have
the same topology as in Fig.1[5–7]. There can be arbi-
trary number of soft gluons exchanged between collinear
S
J1
J2
H H
.
.
.
FIG. 1: The topology of diagrams that contain leading pinch
singularities in Drell-Yan process
particles, which is denoted as S. Soft gluons do not con-
nect to the hard vertex, which is denoted as H . There
can also be arbitrary number of scalar-polarized gluons
connected to the hard vertex for each jet in covariant
gauge, which is proved to be appropriate for Drell-Yan
process.[5–7] There can be only one physical collinear
particle(that is quark or transverse polarized gluons) con-
nect to the hard vertex for each collinear jet.
To prove the factorization theorem one has to show
that:
(1) Soft gluons exchanged between collinear particles
do not violate factorization;
(2)Scalar polarized gluons connected to the hard vertex
do not violate factorization.
2Scalar polarized collinear gluons are absorbed into par-
ton distribution function(PDF) according to Ward iden-
tity in [5–7]. For the coupling between a soft gluon with
momentum q and a particle collinear-to-plus with mo-
mentum p and mass m, people use the the eikonal line
approximation (see for example [8]):
Aµ ≃ A−, (p+ q)2 −m2 ≃ 2p+q− + p2 −m2 (3)
to factorize the soft gluon from the collinear particle
and finally prove the cancellation of soft gluons. There
is a special kind of soft gluons can violate such ap-
proximation, which are often named as Glauber glu-
ons in literatures.([1]) They are space like soft gluons
with Λ2QCD . |q2| ≪ Q2 and |q|0 ≪ Eq. For exam-
ple, one may consider the coupling between a particle
collinear-to-plus and a soft gluon with momentum scale
as (q+, q−, ~q⊥)/Q ∼ (λ2, λ2, ~λ) where λ ∼ ΛQCD/Q,
the eikonal line approximation does not work in such
coupling. For processes without initial hadrons mov-
ing in different direction, for example the annihilation
of e+e−, there are not leading pinch singularities caused
by Glauber gluons and one can deform the integral path
to avoid such region. ([8, 9]). For processes with ini-
tial collinear hadrons moving in different directions, for
example the Drell-Yan process, however, leading pinch
singularities caused by Glauber gluons[1] do exist and
this can cause particular difficulty in the proof of factor-
ization theorem for such processes.
To over come this difficulty, people[5–7] sum over
all possible final cuts in diagram level and show that
there are no longer leading pinch singularities caused by
Glauber gluons after this summation. One can then de-
form the integral path so that the eikonal line approxima-
tion works. Soft gluons factorize from collinear particles
in this approximation and will cancel out.
In this paper, we notice that electromagnetic currants
are color singlets and the summation over all possible
final hadrons equals to summation over all possible fi-
nal states in this process. Consequently, unitarity can
be implemented at operator level. With this insight, we
present an alternative proof of factorization theorem of
Drell-Yan process at operator level. This proof does not
depend on explicit processes as it works at operator level
and can be easily extend to some other processes. It
also highlights theoretical aspects and physical pictures
of factorization theorem more clearly compared to con-
ventional diagram level approach.
We first show the cancellation of effects of interactions
after the hard collision in (1). This is the direct result of
of time evolution operator of QCD. After such cancella-
tion, the δ-function of energy conversation at the point
xi(x
0
i ≤ x0) becomes
∫ x0
−∞ dx
0
i e
−ip0ix0i ∝ e−ip0ix0/(p0i +iǫ),
where pi represent the total momenta that flow in to the
vertex xi, x denote the point at which the hard photon
is produced. If soft gluons(momenta q) couple to parti-
cles collinear-to-plus at the point xi, then we can drop
the plus momenta of soft gluons in the collinear internal
lines. That is q0 ∝ q− in the term p0i + iǫ. Thus singular
points of q− produced by internal lines collinear-to-plus
all locate in the lower half plane if we define q as flow
into the point xi. This is our main strategy to prove
the cancellation of LPSS caused by Glauber gluons. We
will show this explicitly in this paper. The conclusion
is that while dealing with coupling between a soft gluon
with momenta q and particles collinear-to-plus, one can
always deform the integral path of q− to the upper half
plane so that the eikonal line approximation works, where
q is defined as flow into the collinear particles. We work
in the covariant gauge in such proof.
Coupling between soft gluons and collinear particles
can then be absorbed into Wilson lines of scalar-polarized
gluons. We also bring in effective hard vertex that
describe the sub-processes. Effects of scalar-polarized
collinear gluons are then absorbed into Wilson lines in
the effective hard vertex according to gauge invariance.
We then factorize and cancel effects of soft gluons at op-
erator level in the hadronic tensor. Factorization theorem
is then proved based on these facts.
The paper is organized as follows. We prove the can-
celation of effects of interactions after the collision in the
hadronic tensor at operator level in Sec.II. In Sec.III We
prove that one can deform the integral path so that the
eikonal line approximation works in the hadronic tensor
(1). In Sec.IV, we bring in the Wilson lines of scalar
polarized gluons that absorb the effects of soft gluons.
We also construct effective action that describe the elec-
tromagnetic scattering processes between different jets in
this section. In Sec.V, we consider the hadronic tensor
and finish the proof of factorization theorem of Drell-Yan
process. Some discussions are given in Sec.VI.
II. CANCELLATION OF EFFECTS OF
INTERACTIONS AFTER THE COLLISION
In this section we prove the cancellation of contribu-
tions of interactions after the collision in the hadronic
tensor (1). To make the proof clear, we start from the
transition amplitude for an explicit process, which gives:
out
〈
k1 . . . knL|p1p2
〉
in
= lim
T→∞ +
〈
k1 . . . knL|e−iH(2T )|p1p2
〉
− (4)
where |pi
〉
and |ki
〉
denote hadrons, L denote possible
leptons or photons, |p1p2
〉
− and +
〈
k1 . . . kn| are asymp-
totic states at times t → −∞ and t → ∞ respectively.
We are working in Schro¨dinger picture in the right hand
side of the equation.
There are not interactions between these particles at
times t → ±∞ according to adiabatic approximation.
We have:
|p1p2
〉
− = |p1
〉
−|p2
〉
− (5)
and
+
〈
k1 . . . knL| = +
〈
L|+
〈
k1| . . . +
〈
kn| (6)
3As the consequence of confinement, such asymptotic
states are separated hadrons(not quarks or gluons), lep-
tons or photons. (The weak interaction is not concerned
in this paper) We expand the asymptotic hadrons accord-
ing to their parton contents:
|pi
〉
− =
∑
n,pji
−
〈
p1i . . . p
n
i |pi
〉
−|p1i . . . pni
〉
− (7)
and
|ki
〉
+
=
∑
n,kji
+
〈
k1i . . . k
n
i |ki
〉
+
|k1i . . . kni
〉
+
(8)
where |pji
〉
− and |k
j
i
〉
+
represent parton states at t →
−∞ and t → ∞ respectively. The transition amplitude
can then be written as:
lim
T→∞
∑
ni,mi
∑
pji ,k
j
i
−
〈
p11 . . . p
n1
1 |p1
〉
− −
〈
p12 . . . p
n2
2 |p2
〉
−
+
〈
k1|k11 . . . km11
〉
+
. . . +
〈
kn|k1n . . . kmnn
〉
+
+
〈
k11 . . . k
m1
1 . . . k
1
n . . . k
mn
n L|
e−iH(2T )|p11 . . . pm11 p12 . . . pm22
〉
− (9)
For Drell-Yan process, we have:
H = H0 + (Hint)QCD + (Hint)QED (10)
where (Hint)QCD and (Hint)QED denotes interaction
Hamiltonian of QCD and QED respectively. We keep
the tree level result of QED and full result of QCD at
this step and have:
out
〈
k1 . . . knL|p1p2
〉
in
= iQqe
2 lim
T→∞
∫
d4x
∫
d4q
(2π)4
e−iq·x
+
〈
L|e−iH0TGµν(q)jν (q)e−iH0T |0
〉
−
+
〈
k1 . . . kn|e−iHQCD(T−x
0)
Jµ(~x)e
−iHQCD(x0+T )|p1p2
〉
− (11)
where Qq is the electric-charge of the quark, J
µ and jµ
are the quark and lepton currants respectively, Gµν(q) is
the propagator of photons. According to this transition
amplitude, one can write the hadronic tensor (1) as:
Hµν(q) = lim
T→∞
∫
d4xe−iq·x −
〈
p1p2|
eiHQCD(x
0+T )Jµ(~x)eiHQCD(T−x
0)
e−iHQCDTJν(~0)e−iHQCDT |p1p2
〉
− (12)
HQCD is Hermitian and we have:
Hµν(q) = lim
T→∞
∫ T
−T
dx0
∫
d3~xe−iq·x
−
〈
p1p2|eiHQCD(x
0+T )Jµ(~x)
e−iHQCDx
0
Jν(~0)e−iHQCDT |p1p2
〉
−
= lim
T→∞
∫ T
−T
dx0
∫
d3~xe−iq·x −
〈
p1p2|
eiHQCD(x
0+T )Jµ(~x)e−iHQCD(x
0+T )
eiHQCDT Jν(~0)e−iHQCDT |p1p2
〉
−
=
∫
d4xe−iq·x
∑
ni,mi
∑
pji ,k
j
i ,X
−
〈
p11 . . . p
m1
1 |p1
〉
− −
〈
p12 . . . p
m2
2 |p2
〉
−
−
〈
p1|k11 . . . kn11
〉
− −
〈
p2|k12 . . . kn22
〉
−
0
〈
k11 . . . k
n1
1 k
1
2 . . . k
n2
2 |U †QCD(x0,−∞)
Jµ(x)UQCD(x
0,−∞)|X〉
0
0
〈
X |U †QCD(0,−∞)Jν(0)
UQCD(0,−∞)|p11 . . . pm11 p12 . . . pm22
〉
0
(13)
We have made use of unitaruty of the operator
e−iHQCD(t1−t2) in the third line, the last line works in
the interaction picture. That is:
Jµ(x) = eiH0(x
0−t0)Jµ(~x)e−iH0(x
0−t0) (14)
UQCD(t1, t2)
= eiH0(t1−t0)e−iHQCD(t1−t2)e−iH0(t2−t0)
= T exp{−i
∫ t1
t2
dt(HI)QCD(t)} (15)
with t0 an arbitrary time. The parton sates
|X〉
0
, |pji
〉
0
and |kji
〉
0
equal to corresponding states
in Schro¨dinger picture at the time t = t0.
|p11 . . . pm22
〉
0
= |p11
〉
0
. . . |pm22
〉
0
. The time evolution op-
erator UQCD(t1, t2) fulfills the identities:
U(t1, t2)U(t2, t3) = U(t1, t3) (16)
U(t1, t2)U
†(t1, t2) = U †(t1, t2)U(t1, t2) = 1 (17)
We see that there are not contributions of interactions
after the collision in the second and third line of (13).
III. DEFORMATION OF INTEGRAL PATH
We now prove that we can deform the integral path
so that the eikonal line approximation works in (1). Our
conclusion is that while dealing with the coupling be-
tween soft gluons(momenta q) and particles collinear-to-
plus, one can always deform the integral path of q− to
4the upper half plane so that the eikonal line approxima-
tion works, where q is defined as flow into the collinear
particles. We work in covariant gauge in this section.
We start from the evolution:
U †QCD(x
0,−∞)Jµ(x)UQCD(x0,−∞)
= U †QCD(x
0,−∞)ψ¯(x)UQCD(x0,−∞)γµ
U †QCD(x
0,−∞)ψ(x)UQCD(x0,−∞) (18)
with |x0| . 1/Q. The evolution of the currant is fac-
torized into product of evolution of fermion fields. We
first look at the evolution of the field ψx. According to
standard perturbation calculations, we have:
U †QCD(x
0,−∞)ψ(x)UQCD(x0,−∞)
= ψ(x) +
∑
n
(−i)n
∫ x0
t2
dt1 . . .
∫ x0
−∞
dtn
[. . . [ψ(x), HIQCD (t1)], . . . , HIQCD (tn)]
= ψ(x) +
∑
n
(−g)(−i)n
∫ x0
t2
dt1 . . .
∫ x0
−∞
dtn
∫
d3 ~x1GR(x, x1)
[. . . [ 6A(x1)ψ(x1), HIQCD (t2)], . . . ,
HIQCD (tn)]
(19)
where
GijR(x, x1)
= θ(x0 − x01)[ψ(x)r , ψ¯s(x1)]
=
∫
d4k
(2π)4
i(6k ±m)ije−ik·(x−x1)
(k0 − Ek + iǫ)(k0 + Ek + iǫ) (20)
GµνR (x, x1)
= θ(x0 − x01)[Aµ(x), Aν(x1)]
=
∫
d4k
(2π)4
−ie−ik·(x−x1)
(k0 − Ek + iǫ)(k0 + Ek + iǫ)
(gµν − (1 − ξ)k
µkν
(k0 − Ek + iǫ)(k0 + Ek + iǫ)) (21)
One should pay attention to the sign of the iǫ in these
propagators caused by the step function θ(x0 − x01). We
repeat the calculation and get the result:
U †QCD(x
0,−∞)ψ(x)UQCD(x0,−∞)
= ψ(x) +
∑
n
∑
1≤i<j≤n
∑
GR,V in
(−i)n
∫ x0
−∞
dt1 . . .
∫ tn−1
−∞
dtn
∫
d3~x1 . . .
∫
d3~xn
GR(x, x1) . . . GR(xi, xj) . . . GR(xn−1, xn)
V 1n (ψ, ψ¯, A
µ)(x1) . . . V
n
n (ψ, ψ¯, A
µ)(xn) (22)
where V in are function of fermion fields and gluon fields
that are not contracted with other fields. For example,
V 11 = −g 6A(x1)ψ(x1). GR(xi, xj) equals to GrsR (xi, xj)
for fermions and GµνR (xi, xj) for gluons, x0 = x. We do
not contract fields in V in at this step, thus there is no
more than one internal line connect xi and xj direct for
each pair of xi and xj . One should sum over all possible
combination of V in and GR, this is suggested by the third
summation. If there are two points xi and xj(i < j)
not connected by the chains xi → xi1 . . . → xj then the
integral function in above formula is invariant under the
permutation xi ↔ xj . This is because that we sum over
all possible combination of V in and GR, internal lines or
fields that connect to xi can also connect to xj . Thus
the order of x0i and x
0
j do not affect result in such case.
We also notice that the propagators GR(xl, xm) = 0 if
x0l < x
0
m, thus we can drop the constraints that x
0
m < x
0
l
and have:
ψ(x) +
∑
n
∑
1≤i<j≤n
∑
GR,V in
C(GR, V
i
n)(−i)n
∫ x0
−∞
dt1 . . .
∫ x0
−∞
dtn
∫
d3~x1 . . .
∫
d3~xn
GR(x, x1) . . .GR(xi, xj) . . . GR(xn−1, xn)
V 1n (ψ, ψ¯, A
µ)(x1) . . . V
n
n (ψ, ψ¯, A
µ)(xn) (23)
where C(GR, V
i
n) denote possible symmetrization fac-
tors caused by the permutation xi ↔ xj , which are
not connected by the chains xi → xi1 . . . → xj or
xj → xj1 . . .→ xi.
For the evolution of ψ¯ we have similar results. To get
the matrix-element of the evolution of the currants we
only need to contract fields in V in terms with other fields
in such terms or contract them with initial or final states.
We write the above formula in momenta space:
ψ(x) +
∑
n
∑
1≤i<j≤n
∑
GR,V in
(−i)n
(
n∏
i=1
∫
d4qi
(2π)4
)(
i<j≤n∏
1≤i≤n−1
∫
d4kij
(2π)4
)
e−i
∑n
i=1 q·x(
i<j≤n∏
1≤i≤n−1
GR(kij))(
n∏
i=1
V in(qi))
(
n∏
i=1
(2π)3δ(3)(~qi +
∑
i<j≤n
~kij −
∑
1≤j<i
~kji))
(
n∏
i=1
1
−i(∑nj=i q0j −∑1≤l<ii≤j≤n k0lj + iǫ) ) (24)
5or
ψ(x) +
∑
n
∑
1≤i<j≤n
∑
GR,V in
C(GR, V
i
n)(−i)n
(
n∏
i=1
∫
d4qi
(2π)4
)(
i<j≤n∏
1≤i≤n−1
∫
d4kij
(2π)4
)e−i
∑n
i=1 q·x
(
n∏
i=1
V in(qi))(
i<j≤n∏
1≤i≤n−1
GR(kij))
(
n∏
i=1
(2π)3δ(3)(~qi +
∑
i<j≤n
~kij −
∑
1≤j<i
~kji))
(
n∏
i=1
(
i
q0i +
∑
i<j≤n k
0
ij −
∑
1≤j<i k
0
ji + iǫ
)) (25)
We now consider the coupling between Glauber glu-
ons and other modes. In the coupling between Glauber
gluon(momenta qG) and soft(including Glauber) parti-
cles(momenta qs), there are at least one Glauber gluon
emitted or absorbed during the time range of propaga-
tion of a soft particle if E~qs & E~qG , this is suppressed
as power of q0G/E~qs . If E~qs ≪ E~qG then there are at
least one (ultra-)soft particle emitted or absorbed dur-
ing the time range of propagation of a Glauber gluon,
this is suppressed as power of min{1, |q0G/E~qs |}E~qs/E~qG .
Thus one can take the eikonal line approximation in
the coupling between Glauber gluons and collinear parti-
cles with corrections of order E~qG/p
0 if the other end of
Glauber gluons are not collinear particles, where p rep-
resent momenta of collinear particles. We only need to
consider the case that both ends of the Glauber gluons
are collinear particle. In the coupling between soft (in-
cluding Glauber) gluons and particles collinear-to-plus,
the soft gluons should be polarized in the minus direc-
tion at leading order. While working in covariant gauge,
the propagator
−i
(qsi )
2
(gµν − (1− ξ)q
sµ
i q
sν
i
(qsi )
2
) (26)
do not contain singular points locate in Glauber region.
We notice that |qs−i qsµi | ≪ |~qsi⊥|2 for arbitrary µ if qsi
locate in Glauber region. Thus, to give leading order
contribution the other end of the propagators of Glauber
gluons should be polarized in the plus direction. As the
result, the other end should be collinear particles with
large minus momenta.
If there are not collinear internal lines at a point xi,
that is, all collinear fields in V in are contracted with ini-
tial or final states and all kij and kli(l < i < j) are
not collinear, then we can neglect the small momenta
components of the initial and final particles in the wave
function(u(p) or v(p)) or the polarization vectors. We
will assume that there are at least one collinear inter-
nal line at the vertex xi at which soft particles couple to
collinear particles.
We consider the case that soft gluons couple to parti-
cles collinear-to-plus at the point xi and have:
δ(q3i +
∑
i<i′≤n k
3
ii′ −
∑
1≤i′<i k
3
i′i)
q0i +
∑
i<j′≤n k
0
ij′ −
∑
1≤j′<i k
0
j′i + iǫ
=
1√
2
δ(q3i +
∑
i<i′≤n k
3
ii′ −
∑
1≤i′<i k
3
i′i)
q−i +
∑
i<j′≤n k
−
ij′ −
∑
1≤j′<i k
−
j′i + iǫ
(27)
We then make the approximation:
δ(q3i +
∑
i<i′≤n
k3ii′ −
∑
1≤i′<i
k3i′i)
=
√
2δ((q+i + q
−
i ) +
∑
i<i′≤n
(k+ii′ + k
−
ii′ )
−
∑
1≤i′<i
(k+i′i + k
−
i′i))
≃
√
2δ(q˜+i +
∑
i<i′≤n
k˜+ii′ −
∑
1≤i′<i
k˜+i′i) (28)
where p˜i = pi for collinear particles, p˜i = (0, p
−
i , (~pi)⊥)
for soft particles. We can make such approximation
as there are collinear internal lines. For internal lines
collinear-to-plus only the large components of l+ is im-
portant.
If there are soft gluons in the V in, the momenta of which
we denote as qsi , then singular point of q
s−
i that locate in
the upper half plane can only be produced by the V in term
in (25) after (27) and (28). In addition, (25) can rely on
qs+i only through the V
i
n term. We also see that singular
points of k−ij(j > i) in Glauber region that locate in the
upper half plane can only be produced by the other end
of kij , while that of k
−
i′i(i
′i) that locate in the lower half
plane can only be produced by the other end of ki′i.
If the other end of soft gluons connect to particles
collinear to nµ with n3 = cos(θ), then singular point
of qs(qs = q
s
i , kij or ki′i) produced by collinear internal
lines at that end are those n · qs ∼ |(~qs)2n⊥|/Q, where ~n⊥
denote the vector that fulfill the condition ~n⊥ · ~n = 0.
We can then deform the integral path of qs−i and k
−
ij to
upper half plane and that of k−i′i to lower half plane with
radius of order:
min{ |(~qs)⊥|| sin(θ)|
(1 + cos(θ))
, |~qs|} (29)
. After this deformation, we can drop the components
(~qs)⊥ in collinear internal lines at the point xi with cor-
rections suppressed as power of
min{max{ |(~qs)⊥|(1 + cos(θ))
Q| sin(θ)| ,
|~qs|
Q
}, |~qs|
2
Qq−s
} (30)
We also notice that such coupling is itself of order
max{(1 − cos(θ)), (1 − ξ)|q−s |/|~qs|} as n− = 1 − cos(θ)
, where ξ the is gauge parameter. The corrections to the
approximation are no greater than:
max{ |(~qs)⊥|(1 + cos(θ))
Q| sin(θ)| ∗ (1− cos(θ)),
|~qs|
Q
} . |~qs|
Q
.
(31)
6where we have assumed that 1− ξ is not too large, this is
the case in the Feynman gauge and Landau gauge. We
notice that qi and kij are defined as flow in to the point
xi, ki′i is defined as flow out of the point xi, such defor-
mation is in accordance with our claim at the beginning
of this section. After such deformation, we can drop the
the components (~qs)⊥ in collinear internal lines at the
pint xi with corrections of order |~qs|/Q. That is, the
eikonal line approximation does work after this deforma-
tion.
Our proof do not rely on the explicit form of V in(xi) and
can be extended to such evolution of other operators that
are local in time. One can easily see that, our proof can
also be extend to the case that interactions before the
collision are cancelled. In that case, one should define
that x0i < x
0
j for i < j. One should change the iǫ term to
−iǫ in (25). Then according to similar proof, one can see
that while dealing with the coupling between Glauber
gluons(momenta q) and particles collinear-to-plus, one
can always deform the integral path of q− to the lower
half plane so that the eikonal line approximation works.
IV. WILSON LINES OF COLLINEAR AND
SOFT GLUONS
We have proved the cancellation of leading pinch sin-
gularities caused by Glauber gluons and deformed the
integral path to avoid the Glauber region. We can now
use the eikonal line approximation in the coupling be-
tween soft gluons and collinear particles. We bring in
Wilson lines of scalar-polarized gluons to absorb the ef-
fects of soft gluons in this section. We also bring in effec-
tive action equipped with Wilson lines of scalar-polarized
collinear gluons to describe the hard process in this sec-
tion.
It is convenient to first determine the power counting
for different modes. For a massless scalar field φ(p) with
momenta scale as pµ ∼ Qλ, we have:
[φ(p), φ(p′)] =
i
p2 + iǫ
δ(4)(p− p′) (32)
Power counting for φ(x) reads:
φ(p) ∼ (Qλ)−3 (33)
Power counting for other modes can be determined ac-
cording to similar method. We give the result in covari-
ant gauge in Table I, where nµ = 1√
2
(1, ~n) is a light-like
direction with |~n|2 = 1, ~pn⊥ · ~n = 0, n¯µ =
√
2(1,~0)− nµ,
λn, λn⊥ and λs are parameters much smaller than 1,
λmin = min{λn, λ2n⊥}, λmax = max{λn, λ2n⊥}. There
are ambiguities in power counting of collinear gluons. If
the parameter 1 − ξ is of order 1, one can easily get the
result in Table I. If 1−ξ ≪ 1 then we have gnn = gn¯n¯ = 0
and gnn¯ = gn¯n = 1. Thus, power counting for n¯ · A and
n · A is not definite in this case. We have determined
the power counting by requiring that power counting for
coupling between collinear fermions and collinear gluons
is
∫
d4xψ¯ 6Aψ ∼ 1. We do not show the power counting
for Glauber gluons as one can deform the integral path
to avoid Glauber region. The summation over nµ,
∑
nµ
is of order θ2/θ2n, where θn is the angle resolution of the
directions nµ, θ is the typical scattering angle of the pro-
cess. For Drell-Yan process, we have θ ∼ 1. We also no-
tice that for the contraction of two fields with momenta
in the collinear region to be non-zero, the momenta of
these two fields should collinear to the same direction.
Power counting for
∑
nµ then reads
∑
nµ ∼ θ/θn. We do
not absorb this into power counting of fields, as there can
be at most one such summation for each collinear jet.
We consider a scattering process between collinear par-
ticles with scattering angle of order θ. θ is constrained to
be M/Q . θ . 1, where M is the typical mass scale of
hadrons that appear in the process. For internal lines of
this process, we have |k2| ∼ Q2θ2. For collinear external
lines we have |kn|2 ∼ Q2θ2λ2n with λn . 1. There can
be soft gluons participate in the process, for which we
have |k2| ∼ Q2θ2λ2s with λs . 1. We assume that soft
gluons connect to the internal lines as process with soft
gluons connect to the external lines should be treated
as two subprocesses. There are not super-renormalizable
interactions in QCD and the power of θ reads θD for this
process with D ≥ 0. The power of λs is produced by
the term
∫
d4qAs(q), which reads λ
S
s with S the num-
ber of soft gluons. The power of λn is produced by
the term
∫
d4pψ(p) and
∫
d4pA(p) and the summation∑
nµ , which reads λ
dn−1
n = λ
∑
i d
1
n−1
n , where din = 1
for collinear fermions, din = 0, 1, 2 for n¯ · An, An⊥ and
n ·An respectively. Power counting for the process reads
θDλSs
∏
nµ λ
dn−1
n . If dn ≥ 1 then there not super lead-
ing powers produced by particle collinear to nµ. If all
particles collinear to nµ are scalar polarized gluons then
according to Ward identity, there is an additional power
of θ2λ2n and the super-leading powers cancel out.
Coupling between particles collinear to nµ and soft
fermions are of order (|n · p||qµ|)1/2/(n¯ · p) according to
the power counting displayed in Table I, where p and q
denotes momenta of collinear particles and soft fermions.
We neglect such coupling in this paper.
We now consider the classical configuration of par-
ton fields in the region S(x, 1/ΛQCD) −H(x, 1/Q). Dif-
ferent jets separate from each other in this region al-
though they exchange soft gluons in this region. We de-
note the region which jet collinear to nµ locate in as
yn. We also denote the region in which there are nt
collinear jets as ys. (yn ⊂ S(x, 1/ΛQCD) − H(x, 1/Q),
ys ⊂ S(x, 1/ΛQCD) − H(x, 1/Q)). In the region ys, we
can define the effective fields:
ψs(ys) = ψ(ys), A
µ
s (ys) = A
µ(ys) (34)
We extend the definition of soft fields into the region yn
according to the manner:
(DsµG
µν
s )
a(yn) = gψ¯sγ
µtaψs(yn) (35)
7TABLE I: Power counting for various modes in covariant gauge
Modes Momenta(n¯ · p, n · p, ~pn⊥) Power counting
ψ(p) Q(1, λn, ~λn⊥) Q
−5/2λ
−1/2
min λ
−1
max
Aµ(p) Q(1, λn, ~λn⊥) Q
−3λ
−1/2
min λ
−1
max(λ
−1/2
max , 1, λ
1/2
max)
ψ(p) pµ ∼ Qλs (Qλs)
−5/2
Aµ(p) pµ ∼ Qλs (Qλs)
−3
Aµs (ys) = A
µ(ys) (36)
and
6Dsψs(yn) = 0, ψs(ys) = ψ(ys) (37)
where
Dsµ = ∂
µ − igAµs , Gµνs =
i
g
[Dµs , D
ν
s ] (38)
The equation should be solved perturbatively, that is, we
define soft fields according to perturbation theory. If we
choose a suitable gauge in the region ys, then momenta
of the classical fields in the region ys are all soft. In such
gauge, momenta of the classical fields ψs and As in the
region yn are also soft at lowest order in the coupling
constant g as momenta of propagators do not change in
the prorogation. At higher order, we assume that dis-
crepancy between rapidity of collinear and soft particles
are so large that couplings between soft particles do not
produce collinear particles. Thus momenta of the classi-
cal fields ψs and As in the region yn are soft in higher
order in g. We then define the effective fields:
ψn(yn) = ψ(yn) (39)
ψn(ym) = ψn(ys) = 0(m
µ 6= nµ) (40)
Aµn(yn) = A
µ(yn)−Aµs (yn) (41)
Aµn(ym) = A
µ
n(ym) = 0(m
µ 6= nµ) (42)
We can then write the Lagrangian density of QCD as:
L(y) =
∑
nµ
Ln(y) + Ls(y)
=
∑
nµ
iψ¯n(6∂ − ig 6An − ig 6As)ψn
− 1
2g2
µ∑
n
trc{[∂µ − igAµn − igAµs ,
∂ν − igAνn − igAνs ]2}
+iψ¯s(6∂ − ig 6As)ψs
− 1
2g2
trc{[∂µ − igAµs , ∂ν − igAνs ]2} (43)
Momenta of the effective fields ψn and An can be soft.
However, couplings between soft fields constrained in the
region yn are power suppressed. To see this, we notice
that ∆(n · yn) ∼ 1/Q for the region yn, while for the
coupling between soft particles we have ∆yµs ∼ 1/M .
Thus couplings between soft gluons and soft fermions
constrained in the region yn are power suppressed. Cou-
plings between soft fermions and collinear fermions are
also power suppressed and can be dropped. While deal-
ing with the coupling between As and ψn(An), we can
treat the momenta of ψn and An as collinear to n
µ. We
can then take the eikonal line approximation in such cou-
pling, we have:
∂µ − igAµn − igAµs ≃ ∂˜ µn − igAµn − ign ·Asn¯µ (44)
where
∂˜ µn ψn = ∂
µψn, ∂˜
µ
n A
ν
n = ∂
µAνn (45)
∂˜ µn n · As = n¯µn · ∂n · As (46)
We then have:
∂˜ µn − igAµn − ign · Asn¯µ = Yn∂˜ µn Y †n − igAµn (47)
where
Yn(xn) = P exp(ig
∫ 0
−∞
dsn ·As(xn + sn) (48)
The Wilson line travel from −∞ to xn, this is in ac-
cordance with our deformation of integral path of soft
gluons. We redefine the fields:
ψ(0)n = Y
†
nψn, A
(0)µ
n = Y
†
nA
µ
nYn (49)
and write Ln as:
L(0)n = iψ¯(0)n (˜6∂n − ig 6A(0)n )ψ(0)n
+
1
2g2
tr
{
([∂˜ µn − igA(0)µn ,
∂˜ νn − igA(0)νn ])2
}
(50)
We bring in the notation:
LΛ =
∑
nµ
L(0)n + Ls (51)
LΛ is invariant under the gauge transformation of
Us(y) :
ψs(y)→ Usψs(y), Aµs (y)→ Us(Aµs +
i
g
∂µ)U †s (y) (52)
8ψ(0)n (y)→ ψ(0)n (y), A(0)µn (y)→ A(0)µn (y) (53)
where we have constrained that Us(∞) = 1. This is just
the usual gauge invariance of QCD. To see this, one may
consider the transformation of ψn and An:
ψn → Usψ(0)n , Aµn → UsAµnU †s (54)
We then consider the fields ψ =
∑
nµ ψn + ψs and A =∑
nµ An +As and have:
ψ → Usψ, Aµ → Us(Aµ + i
g
∂µ)U †s (55)
this is just the usual gauge transformation of QCD. LΛ
is also invariant under the transformation:
ψs → ψs, Aµs → Aµs (56)
ψ(0)n → Ucψ(0)n , A(0)µn → Uc(A(0)µn +
i
g
∂˜ µn )U
†
c (57)
This is also connected with the gauge invariance of QCD.
To see this we consider the special configuration ψs =
As = 0, which is invariant under the transformation Uc
and have:
ψ → Ucψ, Aµ → Uc(Aµ + i
g
∂µ)U †c (58)
We now consider the quantization of LΛ. We first in-
spect the boundary condition given by the region C(x).
In C(x), there are not interactions between different jets
and soft hadrons as they are color singlets and sepa-
rate from each other. We denote the region which jet
collinear to nµ and soft hadrons locate in as xn and xs.
We have ψs(xn) = As(xn) = 0 in this case. That is to say
ψ(xn) = ψ
(0)
n (xn) and An = A
(0)
n (xn). Thus boundary
conditions provided by the region C(x) are constraints on
the configuration of the classical fields ψ
(0)
n , A
(0)
n , ψs and
As. We can thus quantize such fields instead of the par-
ton fields ψ and A. While dealing with process between
soft particles and particles collinear to nµ, such quan-
tization scheme gives the same result as that in QCD
at leading order in M/Q. At tree level, this is obvious
according to the construction of the classical lagrangian
density LΛ. At one loop level, the loop momenta are
hard, collinear to nµ or soft on LPSS. If the loop mo-
menta are soft, then one can simply take the eikonal line
approximation in the coupling between the internal lines
and the collinear external line. Such part can be de-
scribed by tree level of L(0)n and one loop level of Ls.
If the loop momenta are hard or collinear to nµ, then
one can drop the momenta components n¯ · q and ~qn⊥
in these internal lines, where q denote the momenta of
soft external lines. That is, one can take the eikonal line
approximation in the coupling between the soft external
lines and the internal lines. Such part can be described
by tree level of Ls and one loop level of L(0)n . One can
simply extend this procedure to higher orders in g.
There are hard process in the space time region
H(x, 1/Q), thus LΛ is not enough to describe physics
in H(x, 1/Q). LPSS with disconnected hard vertex can-
cel out after the summation over gauge invariant set of
graphs is performed [13]. Thus hard process between
different jets can be described by a effective hard ver-
tex. We bring in the effective operator Γµ(x)Bµ(x) to
describe such effects, where Bµ denote the photon field.
Γµ is determined by requiring that it can give the the
equivalent hadronic tensor as (13) at leading order in
M/Q. According to the gauge invariance under Us, we
have:
Γµ(x) = Γµ(Ynψ
(0)
n (xn), . . . , YmA
(0)µ
m Y
†
m(xm))(x) (59)
where x0n ≤ x0, x0m ≤ x0 as there are not interactions
after the production of hard photon in (13). Couplings
between soft particles and modes with |k2| & Q2 are
suppressed as power ofM/Q, thus we can drop the ψ(xs)
and A(xs) terms in Γ
µ.
It is convenient to work with the boundary condition
Aµ(∞) = 0. We then expand Γµ according to the small
momenta components n · pn and (pn)n⊥:
Γµ(x) =
∑
nµ,...,mµ
∫
d(n · xn)
∫
d(m · xm)
J µ(ψn(x+ n · xnn¯),
. . . , Aµm(x+m · xmm¯))(x)
+O(M/Q) (60)
Contributions that suppressed as powers of (pn)n⊥/n¯ ·pn
and n·pn/n¯·pn are absorbed into matching of the effective
operators at higher order of αs with corrections of order
M/Q. The condition (x + xn)
0 ≤ x0 is equivalent to
n · xn ≤ 0 in this effective action as n¯ · xn = 0.
Scalar polarized collinear gluons should decouple from
physical processes according to gauge invariance. We de-
fine the fields:
A˜(0)µn,x (xn) = A
(0)µ
n (n¯ · x, n · xn, (~x0)n⊥) (61)
A˜µn,x(xn) = A
µ
n(n¯ · x, n · xn, (~x0)n⊥) (62)
We also bring in the Wilson lines:
W (0)n,x(xn) = P exp(ig
∫ 0
−∞
dsn¯ · A˜(0)n,x(xn + sn¯)) (63)
Wn,x(xn) = P exp(ig
∫ 0
−∞
dsn¯ · A˜n,x(xn + sn¯) (64)
They travel from −∞ to x as there are not interactions
after the hard collision in the hadronic tensor (13). The
fields Aµ(x0 +∞, ~y) do not contribute to the hadronic
tensor (13). Similar Wilson lines can be found in liter-
atures, e.g. [5–8, 11, 12]. For future convenience, we
define the fields:
ψ̂(0)n,x(xn) = W
(0)†
n,x (xn)ψ
(0)
n (xn)
(∂µ − igÂ(0)µn,x ) = W (0)†n,x (∂µ − igA(0)µn )W (0)n,x (65)
9ψ̂n,x(xn) = W
†
n,x(xn)ψn(xn)
(∂µ − igÂµn)(xn) = W †n,x(∂µ − igAµn,x)Wn,x (66)
We consider a special part of Γµ, in which all fields are
physical fields. We denote such part as Γµphy. According
to gauge invariance, we have:
Γµphy = Γ
µ
phy(ψn, . . . ∂
m⊥ − igAm⊥m ) (67)
Contributions of the fields n · An to Γµ are power sup-
pressed and can be dropped according to the power
counting displayed in tableI. We can expand Γµ accord-
ing to the fields l¯ ·Al for all directions lµ. Then the lowest
order result equal to Γµphy. According to such expansion,
if we take the lowest perturbation of n¯ · An for a special
direction nµ, we have:
Γµ|n¯·An=0 = Γµ(ψn, ∂n⊥ − igAn⊥n . . . , Am) (68)
where n¯ ·An = 0 should be treated as the lowest pertur-
bation of n¯ · An not the axial gauge. We then choose a
transformation U ′c so that U
′
c(∞) = 1 and n¯ ·A(x) = 0 at
finite point in this gauge. In this special gauge, we have:
Γµ = Γµ(ψ̂n,x, . . . , Am) (69)
ψ̂n,x(x+n ·xnn¯) and (∂n⊥− igÂn⊥n,x)(x+n ·xnn¯) are in-
variant under (U ′c)
−1. According to the gauge symmetry
of Γµ, we have:
Γµ = Γµ(ψ̂n,x, . . . , Am) (70)
in any gauge with the boundary condition A(∞) = 0.
We repeat the arguments and have:
Γµ|A(∞)=0
=
∑
nµ,...,mµ
. . .
∫
d(n · xn)
∫
d(m · xm)
J µ(ψ̂n,x(x+ n · xnn¯),
. . . , (∂m⊥ − Âm⊥m,x)(x+m · xmm¯)) (71)
To make physical fields in Jµ local in x, we redefine the
collinear fields and extract large momenta components of
these fields. That is:
ψn(y) =
∑
n¯·p
ψn,n¯·p(y)e−in¯·pn·y (72)
Aµn(y) =
∑
n¯·p
Aµn,n¯·p(x)e
−in¯·pn·y (73)
Then the large momenta components become labels on
the effective fields. This is similar with the definition
of collinear fields as in [11], but we only extract large
momenta components. After this extraction, we can take
that ψn,n¯·p(x + n · xnn¯) ≃ ψn,n¯·p(x) and Aµn,n¯·p(x + n ·
xnn¯) ≃ An,n¯·p(x) in Γµ as n · xn ∼ 1/Q. Γµ can then be
written as:
Γµ|A(∞)=0 =
∑
n,n¯·p,...,m,m¯·p′
J µ((ψ̂n,x)n¯·p, . . . ,
(∂m⊥ − igÂm⊥n,x )m¯·p′)(x)
=
∑
n,n¯·p,...,m,m¯·p′
J µ(Yn(ψ̂(0)n,x)n¯·p, . . . ,
Ym(∂
m⊥ − igÂ(0)m⊥n,x )m¯·p′Y †m)(x) (74)
If we consider the configuration n¯ · A˜n,x = 0 (one should
notice that n¯·A˜n,x = 0 is not the axial gauge, it is just the
lowest perturbation of n¯ · A˜n,x), then LQ can be matched
perturbatively in the on-shell scheme.
Contributions of hard diagrams with several physical
external lines nearly collinear to the same direction
to nµ are suppressed as powers of θ according to the
power counting displayed in TableI, where θ denotes
the angle between the momenta directions of these
external lines. If these external lines connect to the
same jet then one can contract the internal lines with
momenta square |k2| ∼ Q2θ2 in to hard subdiagram
with corrections suppressed as powers of M/(Qθ) and
are of order θ ∗ M/(Qθ) = M/Q. We repeat this
procedure(this is just the usual matching procedure)
and get the conclusion that physical collinear fields in
effective operators in Γµ should connect to different jets
at leading order with corrections of order M/Q. This is
in accordance with the result in [10].
V. FACTORIZATION
In this section we finish the proof of QCD factorization
of Drell-Yan process.
We write the hadronic tensor in the effective theory:
Hµν(q) =
∑
X
∫
d4xeiq·x
〈
p1p2|T¯Γ†µ(x)
TΓν(0)|p1p2
〉
(75)
where we have made the summation over all possible
points at which the hard photon is produced. We write
Γµ as:
Γµ(x) =
color indices∑
Γµc ,Γs
Γµc (ψ̂
(0)
ni,x, ψ̂
(0)
m,x,
∂l⊥ − igÂ(0)l⊥l,x )Γs(Yni , Ym, Yl)(x) (76)
where ni(i = 1, 2) denote the direction of initial collinear
particles, m and l denote the direction of final collinear
particles. We have omitted possible color indices for sim-
plicity. Γµc is multi-linear with ψ̂
(0)
n,x, ψ̂
(0)
m,x and (Âl,x)
(0)µ
l⊥
as physical collinear fields in Γµ connect to different jets
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at leading order. Wilson lines that appear in Γs depend
on type of partons that appear in Γc. We notice that
(s1n
µ − s2mµ)2 < 0 for s1 < 0, s2 < 0 and nµ 6= mµ.
Thus, the order of Wilson lines in Γs do not affect the re-
sult. (There are color indices of Wilson lines in Γs, they
are matrix-elements not matrixes at this step) In addi-
tion, we can choose that nµ slightly space-like so that the
time ordering and anti-time ordering operators in Wilson
lines can be dropped.
We can drop the momenta of soft particles and small
momenta components of collinear particles in the δ-
function of momenta conversation for the whole process.
Thus we can set that xµ = (n · x, 0,~0) in the fields ψ̂(0)n,x
and Â
(0)
n,x. We can also set that x = 0 in Wilson lines
Yn(x). One should notice that there are not detected
hadrons in the process considered in this paper and in-
termediate energy scale that prevent we make such ap-
proximation do not exist. The part of Hµν that depend
on soft fields are:
Hs(0) =
〈
0|Γ†s(0)Γs(0)|0
〉
(77)
Hadrons are all color singlets and we have:∑
j
(Yn)ij(Y
†
n )ji′ = δii′ ,
∑
j
(Y †n )ji(Yn)i′j = δii′ (78)
∑
a
(Ynt
aY †n )ij(Ynt
aY †n )kl =
∑
a
taijt
a
kl (79)
We then have:
Hµν(q) =
∑
X
∫
d4xeiq·x
〈
p1p2|T¯Γ†µ(x)
TΓν(0)|p1p2
〉|ψs=As=0 (80)
We define the annihilation operator
âsn,x,p =
√
2Ep
2m
∫
d3~xnu¯
s(p)ψ̂n,x(~xn)e
−i~p·~x (81)
âsn,x,p = −
√
2Ep
2m
∫
d3~xn
¯̂
ψn,x(~xn)v
s(p)e−i~p·~x (82)
for collinear fermions and anti-fermions respectively. One
can verify that âsn,p|0
〉
= 0. For collinear gluons, we
define that:
âjn,x,p =
i
n¯ · p
√
2Ep
∫
d3~xne
−i~p·~xn¯ · ∂ǫj∗(p) · Ân,x(~xn)
=
i
n¯ · p
√
2Ep
∫
d3~xne
−i~p·~xǫj∗µ (p)
W †n,xG
nµ
n Wn,x(~xn) (83)
with j denotes different polarizations, where
Gnµn =
1
−ig [n¯ · (∂ − igAn), ∂
µ − igAµn] (84)
we have made use of the fact n¯ · Ân,x(x) = 0. One can
also verify that âin,x,p|0
〉
= 0. Hadron states can then be
expanded according to the parton states |p̂n
〉
x
which are
created by the creation operator ân,x,p. That is:
|p̂n
〉
x
=
√
2Epna
†
n,x,pn |0
〉
(85)
where â†n,x,pn denote the conjugation of the operators
(81), (82) or (83).
Γµ is multi-linear with ψ̂n,x and ∂
µ− igÂµm,x with n 6=
m. There can be no more than one parton states that
are created by the operator â†ni,x,p contracted with Γµ for
each initial hadron pi. We denote these active partons as
|p̂1i
〉
x
and have:
Hµν(q)
= lim
T→∞
∑
p1
1
,p1
2
2Ep1
2
2Ep1
1
1
N2c
1
D(G)
∑
Γ
∫
d4xe−iq·x
2∏
i=1
−
〈
pi|eiHni (x
0+T )trc{â†ni,x,p1i
e−iHnix
0
âni,0,p1i }e
−iHniT |pi
〉
−|ψs=As=0
trc x
〈
p̂11p̂
1
2|Γµ†(~x)e−i
∑n 6=n1,n2
nµ
Hnx
0
Γν(~0)|p̂11p̂12
〉
0
|ψs=As=0 (86)
where 1D(G) denote the color factors produced by fields
that do not collinear to initial hadrons. We notice that
the states |p̂n
〉
x
is invariant under the gauge transforma-
tion Un(xn)(Un(∞) = 1):
ψn → Unψn, Aµn → Un(Aµn +
i
g
∂µ)U †n (87)
Γµ is also invariant under such gauge transformation even
if we choose different Un for different directions n
µ. Es-
pecially, we can choose that Un = 1 for n 6= ni(i = 1, 2).
The matrix-elements between parton states in (86) are
invariant under such gauge transformations. We can
take the lowest perturbation of the fields n¯ · A˜n,x in such
matrix-element, as n¯ · A˜n,x are scalar polarized. We then
have:
Hµν(q)
= lim
T→∞
∑
p1
1
,p1
2
2Ep1
2
2Ep1
1
1
N2c
1
D(G)
∑
Γ
∫
d4xe−iq·x
2∏
i=1
−
〈
pi|eiHni (x
0+T )trc{â†ni,x,p1i
e−iHnix
0
âni,0,p1i }e
−iHniT |pi
〉
−|ψs=As=0
trc
〈
p11p
1
2|Γµ†(~x)e−i
∑n 6=n1,n2
nµ
Hnx
0
Γν(~0)|p11p12
〉|ψs=As=n¯i·A˜ni,x=n¯i·A˜ni,0=0 (88)
where |p1i
〉
is the usual partons produced by the operator
a†pi = â
†
ni,x,pi |n¯·A˜ni,x=0. The condition n¯·A˜n,x = 0 should
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be treated as the lowest perturbation of the fields n¯ ·A˜n,x
not the axial gauge.
The formula (88) is our final result. One can easily see
that soft gluons and scalar polarized gluons that collinear
to initial hadrons decouple from the matrix-element be-
tween parton states in (88). Such matrix-element can be
calculated according to perturbation theory.
VI. CONCLUSION
We have finished the proof of factorization theorem
for Drell-Yan process at operator level. Be different from
conventional diagram-level approach [5–7], we use uni-
tarity of the time evolution operator of QCD direct to
cancel interactions after the collision in the hadronic ten-
sor. Time evolution of electro-magnetic currant is free of
LPSS caused by Glauber gluons after such cancellation.
Decoupling of soft gluons from collinear jets is realized by
defining collinear fields that decouple from soft gluons.
We give some discussion here:
(1)We treat partons of hadrons in different jets as dif-
ferent particles. This is the consequence of the fact that
different jets moving in different directions and separate
from each other in coordinate space. The interference
effects between different jets are described by the inter-
actions among particles in different jets and interactions
between collinear and soft particles.
(2)We have dropped the coordinates ~xn⊥ and n¯ · x of
fields collinear to nµ in (88). Thus the parton distribution
part of (88) and the δ-function of momenta conservation
are independent of ~xni⊥ and n¯i · x with corrections of
order M/Q. There are not internal lines with momenta
collinear to nµi (i = 1, 2) in the matrix-element between
parton states in (88). Such matrix-element can rely on
(~p1i )ni⊥ and ni ·p1i only through the initial external lines.
We can drop these terms in such matrix-element with
corrections of order M/Q.
(3) To get the similar form as in [5–7], one should fac-
torize the spinor structure and consider the renormaliza-
tion of the parton distribution functions. We do not show
this here.
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